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ABSTRACT. This research documents Kuwaiti eighth grade students’ performance in
recognizing reasonable answers and the strategies they used to determine reasonableness.
The results from over 200 eighth grade students show they were generally unable to
recognize reasonable answers. Students’ performance was consistently low across all three
number domains (whole numbers, fractions, and decimals). There was no significant
difference in students’ performance on items that focused on the practicality of the
answers or on items that focused on the relationships of numbers and the effect of
operations, or on both. Interview data revealed that 35% of the students’ strategies were
derived from two criteria for judging answers for reasonableness: the relationships of numbers
and the effect of operations, and the practicality of the answers. They used strategies such as
estimation, numerical benchmarks, real-world benchmarks, and applied their understanding
of the meaning of operations. However, over 60% of the students’ strategies were
procedurally driven. That is, they relied on algorithmic techniques such as carrying out
paper-and-pencil procedures. Additionally, some of the students’ strategies reflected
misunderstandings of how and when to apply certain procedures. Given these findings,
mathematics education in Kuwait should shift the emphasis from paper-and-pencil procedures
and provide systematic attention to the development of number sense and computational
estimation so Kuwaiti students will be more adept at recognizing reasonable answers.

KEY WORDS: estimation, international studies, middle grade, number sense,
reasonableness, reasonable answers, students’ strategies

Recognizing reasonable answers is an important component of number
sense that underlies the success of computational results, including exact
computation and estimation. It is practical and used in a wide array of daily
activities, ranging from determining prices, making change, deciding on the
dosage of a medicine, to choosing proper sizes of clothing.

Limited research has been conducted on students’ ability to judge the
reasonableness of answers (Sowder, 1992; Verschaffel et al., 2007).
Reasonableness has been primarily studied as a secondary aspect of research
focused on students’ understanding of estimation (Reys et al., 1980; Vance,
1986). A few studies have investigated the reasonableness of exact
calculations, particularly when working with decimals (Bell et al., 1981;
Hiebert & Wearne, 1986).
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CRITERIA FOR DETERMINING REASONABLENESS

Theoretical discussions of the reasonableness of answers have focused on
the meaning of reasonableness and the criteria upon which students judge
the reasonableness of answers. In this paper, recognition of a reasonable
answer refers to the likelihood that an answer that has been obtained (or
provided) is an acceptable or a fairly good response for a mathematics
problem. Research suggests that students use one of two criteria to judge
answers for reasonableness (Gagne, 1983; Johnson, 1979; Hiebert, 1984;
Reys, 1985; Mclntosh & Sparrow, 2004): (1) number relationships and
the effect of operations and (2) practicality of the answer. The first
criterion reflects an understanding of number relationships and the effect
of operations. Using this criterion, an individual will be able to identify
the boundary of a reasonable answer. For example, consider the
subtraction of two fractions, 9/11—4/5. Research shows that some
students will subtract numerators and denominators and report 5/6 as a
result. Yet students utilizing number sense will immediately see that both
fractions are close to 1, so the difference must be small. They also realize
that a difference of 5/6 is close to 1 and, therefore, unreasonable.

The second criterion is related to the practicality of the answer.
Students using this criterion compare the answers with what makes sense
in their daily lives. They examine whether the magnitude of the answer
and the type of numbers make sense based on their own experience. For
example, the price of six tickets for a movie cannot be $61. Or a fraction
cannot be an answer for a number of people on a trip or the number of
cars on the highway. The extent to which students utilize this criterion
depends on the range of their real-world experiences and their willingness
to reflect on them to make a judgment.

These two criteria for judging an answer for reasonability are
interrelated. When an individual reflects on an answer, he or she can
judge the result using one or both criteria, depending on the type of
problem as well as the numbers and operations involved.

A theoretical underpinning for recognizing reasonableness of answers
is provided by the characterization of mathematical proficiency (Kilpa-
trick et al., 2001) as well as a framework for number sense (McIntosh et
al., 1992). More specifically, identifying and recognizing reasonableness
requires an amalgamation of qualities from these two models—conceptual
understanding (number sense and work with operations), strategic
competence (work flexibility with numbers), adaptive reasoning (observe
and explain relationships), procedural fluency (operation with whole
numbers, fractions, and decimals), and productive disposition (make
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connections to the real world). It seems likely that the extent to which
students possess these qualities, these students will be proficient in
identifying and recognizing the reasonableness of answers.

Recognizing reasonable answers is valued as an important learning
goal in major mathematics documents in the United States of America
(National Committee on Mathematical Requirements, 1923; National
Council of Supervisions of Mathematics, 1989; National Council of
Teachers of Mathematics, 1980, 1989, 2000). However, attention to
reasonable answers is not a high priority in countries around the world
(Reys & Nohda, 1994; Yang, 2005). Kuwait is one of the countries that
has given very little attention in the mathematics curriculum to
developing reasonableness.

TraE EDUCATIONAL SYSTEM IN KUWAIT

This section provides some background about the educational system in
Kuwait. It is based on the experiences of one of the authors, first as a
Kuwaiti student, later as a Kuwaiti mathematics teacher, and now as an
educator preparing future teachers in Kuwait.

Kuwait is a small country that has a small population and great
opportunities for jobs. Therefore, more than 100 different nationalities
work in Kuwait, including teachers and educators. Both public and
private schools were created to accommodate the needs of the variety of
students. Public schools, limited to Kuwaiti students and to children of
those who work in the Kuwaiti government, have a national textbook at
each grade level for all subjects, including mathematics. The private
schools include both an Arabic and a non-Arabic curriculum; it is open
for all students, including Kuwaitis. While the majority of Arabic private
schools follow the same curricula as the public schools, non-Arabic
private schools such as British, American, Indian, and Pakistani schools
use curricula from their home countries. All private schools follow the
administrative policies of the Kuwaiti Ministry of Education (Ministry of
Education, 2006a, b).

Due to the shortage of mathematics teachers, the Kuwaiti Ministry of
Education employs teachers from other Arabic countries, such as Egypt
and Syria. These teachers usually are graduates of mathematics education
programs that are similar to those offered in Kuwait.

All mathematics teachers in public schools follow the national
textbook and the curricular plan of the Ministry of Education to determine
what, when, and how to teach mathematics. They focus on goals specified
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by the ministry. There is little variation in the content taught and how it is
taught.

Two levels of support are provided for teachers to help unify their
teaching methods: school-level and district-level support. School-level
support is provided by senior teachers who have experience in teaching
mathematics and demonstrated excellence in teaching. These senior
teachers help direct other teachers in the school to reach the goals that are
set by the ministry, working closely with teachers in planning and
carrying out their lessons. They identify general lesson plans for each
topic they teach, specifying the goals for each lesson and identifying
exercises, homework, assignment plans, and an examination plan.

The school district provides mathematics advisors who visit schools
monthly. Advisors meet with teachers to clarify the plan of the ministry
and the goals for teaching mathematics topics, as well as the mathematics
knowledge, teaching strategies, and any new issues suggested by the
ministry. They also monitor the number of students performing at a low
level and the performance of new teachers in the school. Both mathematics
advisors and senior teachers visit classrooms and provide advice.

The Kuwaiti mathematics curriculum focuses on procedural knowledge,
following standard algorithms and finding exact answers (Alajmi, 2004,
2009). As a result, rules and procedural knowledge dominate computation,
with no systematic attention given to developing computational estimation
or encouraging students to reflect on answers to determine if they seem
reasonable. Teachers stress procedural rules to solve the problem as the way
to check the reasonableness of an answer. They often encourage students to
evaluate the accuracy of their answers by performing another written
computation, such as using multiplication to check the results of a division
problem or addition to check the answer of subtraction (Alajmi & Reys,
2007). Neither the curricular or instructional focus in Kuwaiti classrooms is
on the reasonableness of answers, but on verifying the correctness of exact
calculations.

This approach does not promote the development of the number sense
necessary to judge the reasonableness of an answer (Reys & Yang, 1998,
Yang, 2005). Students in such a school setting are unlikely to examine the
reasonableness of their answers because they do not see any need for this
evaluation. They assume their answers are correct (Hiebert, 1984; Hope,
1989).

There has been no previous research conducted specifically about
Kuwaiti students’ ability to recognize reasonable answers. However, the
Third International Mathematics and Science Study (Beaton et al., 1996)
revealed that the number sense of Kuwaiti middle school students was
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below the international average. For example, on an item that assessed
understanding the relative size of fractions, students were asked to write a
fraction larger than 2/7. Only 37% of the Kuwaiti students provided a
correct response, compared with 75% of students internationally.

This study reports students’ performance in an area that does not
depend on exact solutions. More specifically, this study addresses two
research questions:

1. What is the performance of Kuwaiti eighth grade students in
recognizing the reasonableness of answers to mathematical problems?

2. What strategies do Kuwaiti eighth grade students use to determine the
reasonableness of an answer?

It is hoped this report will bring attention to the need for more
curricular and instructional consideration for developing students’ ability
to determine the reasonableness of answers in Kuwaiti mathematics
programs.

METHODOLOGY

The study made use of two instruments, the Reasonable Answer Test
(RAT) and the Reasonable Answer Interview (RAI). The RAT was used
to assess students’ performance in recognizing the reasonableness of
answers. The RAI focused on examining the processes students used to
determine the reasonableness of answers. Validity of the instruments was
provided through face validity. Mathematics educators from the United
States reviewed the draft of the RAT. The modified instruments were then
field tested with Kuwaiti eighth grade students and revised from
information gathered from the piloting. Then, the final version of the
RAT was tested for reliability through a test-retest method. One eighth
grade girls’ class and one eighth grade boys’ class took the RAT; after
2 weeks, the same students took the RAT for a second time. For the girls,
the reliability was 0.82; and for the boys, it was 0.74.

Context for the Study

This study was done in Kuwaiti public schools. There are six school
districts in Kuwait. There is little variation among these school districts
with regard to socioeconomic status. The overwhelming majority of
Kuwaiti families can be classified as middle class; the remainder are
wealthy. There is no difference in the achievement level among these
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school districts in elementary and middle school levels as reported by the
Minister of Education. Students are assigned to schools according to their
local residency. Students in Kuwaiti schools are also separated by sex.
Thus, girls go to a different school than boys. In Kuwait, the collection of
data from students does not require parents’ permission. Permission to
work with these students was gained through the Ministry of Education
(Ministry of Education, 2006a). Given the similarity among the school
districts and the schools in Kuwait, the researchers selected one district as
a research site.

Participants

From the 36 middle schools in the chosen district (18 boys’ schools and
18 girls’ schools), two middle schools for boys and two middle schools
for girls were randomly selected to participate in this study. The first
girls’ school and the first boys’ school were selected randomly to pilot the
RAT and the RAI and to examine the reliability of the RAT.

The data to answer the research questions were collected from the
second girls’ school and the second boys’ school. There were four eighth
grade classes in each of these two schools and each of these classes had
between 25 and 30 students. All eighth grade students who were in their
classrooms on the test day took the RAT, a total of 115 eighth grade girls
and 108 eighth grade boys (a total of 223 eighth grade students). A
sample of 24 eighth grade students (12 girls and 12 boys) was selected for
the interview, including the one student who scored the highest on the
RAT and 23 other students who were randomly selected (12 girls and 11
boys).

Reasonable Answer Test

The RAT included 25 items. Each item required the eighth grade students
to judge the reasonableness of an answer provided for a mathematics
problem or select a reasonable answer for a mathematics problem and
then explain how they arrived at their judgment. The items on the RAT
made use of the four basic operations (addition, subtraction, multiplica-
tion, and division) with whole numbers, fractions, and decimals. The
RAT included items that were presented on mathematics statements and
problems in context, including multiple choice, short answer items, and
items that had more than one reasonable answer (see Table 1). All items
on the RAT were developed by the researchers except for two items that
were adapted from other research (Hiebert & Wearne, 1986; Yang, 1995).
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In designing the RAT, the researcher utilized suggestions from the
literature about how to help students judge the reasonableness of answers.
The items were presented in contexts in which students need to think
about the reasonableness of the given answer (Johnson, 1979; Reys,
1985) such as homework problems, answers for a mathematics test, and
checking bills. These items provided a context that allowed students to
reflect on both criteria for judging the reasonableness of answers. The
students were given a limited time to judge the answer (less than a minute
to judge and write their thinking of the reasonableness of the answer for
each question), so that they would reflect on the reasonableness of the
answer rather than attempt to calculate the exact answer. Additionally,
students were asked to explain their strategies for judging the reason-
ableness of the answer (Wickett, 1997). It should be noted that asking
students to explain their answers is not something that is generally
observed in Kuwaiti classrooms, so this expectation would likely be new
and challenging to these eighth grade students.

REASONABLE ANSWER INTERVIEW

The RAI was designed to examine strategies that students used in
determining the reasonableness of answers. The researcher conducted all
interviews on a one-on-one basis. The interview took about 35 minutes or
one classroom period. During the interview, each student was presented
with 13 items that were selected from the RAT. Six were presented as
mathematical statements and seven were presented in context. At the
beginning of the interview, the researcher explained the purpose of the
interview to the students and then asked them to describe their thinking
out loud about the reasonability of the presented answer or the answer
they chose. Students were also asked if they had another way to judge the
reasonableness of the answer. The researcher asked follow-up questions
to clarify and provide more detail about their thinking (e.g., Can you
explain what you mean by ...?). The researcher continued to ask follow-
up questions until the students provided an explanation that the researcher
understood or they simply stopped providing any productive answers. For
example, when students said “the answer is reasonable,” the researcher
asked them to provide more detail to explain why they thought the answer
was reasonable. If students continued to make statements that did not
clarify or provide insight into their thinking, such as “I think it is
reasonable” or “it seems reasonable to me,” the researcher stopped asking
any follow-up questions and moved to another question.
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The students were not allowed to use calculators or to work the
problem using paper-and-pencil procedures (for further details about the
interview protocol, see Alajmi, 2004). All interviews were conducted by
the author in Arabic, and all translations from Arabic to English were
done by the author. All interviews were audio taped and later transcribed.

Data Analysis

Both quantitative and qualitative methods were used to analyze the data.
The RAT was scored according to the following scoring system: Each
item was assigned a maximum of two points. If both a correct response
and a clear, correct explanation were provided, two points were awarded.
An explanation was considered adequate if it reflected the use of at least
one of the two criteria to judge reasonable answers. If a correct answer
was provided but the explanation was unclear or omitted, the item was
assigned one point. If the response was incorrect and the explanation was
unclear or missing, the item was assigned zero points. After scoring the
RAT, the mean and standard deviation were calculated for the eighth
grade students’ performance on the test. An item analysis was done to
describe students’ performance on each item.

The analysis of the transcripts of the RAI provided information to
answer the second research question. Content analysis of the transcripts
focused on coding the strategies used by the students in determining the
reasonableness of their answers. In particular, the researcher was attentive
to the following strategies predicted by the literature:

1. Using real-world benchmarks, e.g., buses cannot carry fractions of
passengers.

2. Connecting the answer with real-world data: this cannot be the price
for six movie tickets.

3. Using numerical benchmarks: 9/11 is a little bit less than 1 and 8/9 is a
little bit less than 1, so the sum is less than 2.

4. Monitoring the effect of operations: this number is less than 1 so the
product should be less (ex. 94x2/3<94).

5. Using the meaning of operations and number magnitude: there will be
four “0.8s” in the number “3.22.”

6. Estimating the expected answer:

(a) Rounding: the answer will be around 21,000 (700x30=21,000).
(b) Clustering: all these number are around 29,000, so the sum will be
around 29,000x7.
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(c) Front-end: for 3,684+7, estimate 36+7=5 and then the answer
will be around 520.
(d) Using compatible numbers: 0.38 %8, it would be around 0.4 x8=3.2.

The researcher was also open to other strategies that could emerge
from the data. Through the analysis, the researcher developed a coding
system for students’ strategies. The reliability of the coding was insured
by a series of reviews. Five mathematics educators were asked to apply
the coding system. They were provided with examples of students’
responses for each interview item (two to three examples for each item)
and asked to independently code their responses. For almost 90% of the
examples, there was 100% agreement on the coding of the strategies that
students used.

RESULTS

Students’ Performance on the RAT

The RAT had 50 points possible. The mean score was 15.2 with a
standard deviation of 4.8. On average, these eighth graders scored less
than one third of the points possible on the RAT. Overall, these results
suggest that Kuwaiti eighth grade students were unable to recognize
reasonable answers.

On ten of the items on the RAT, less than half of the students
recognized a reasonable answer. Additionally, the students’ ability to
explain their answers was extremely low. In all of the items, more than
half of the students provided general statements, such as “it is reasonable”
and “it is the right answer,” but did not explain their thinking. In addition,
some students provided incomplete statements that did not clarify their
reasoning. Overall, the eighth graders provided few adequate explan-
ations. There was only one item (no. 4; Table 1) on which more than half
of the students were able to provide adequate explanations for their
thinking. About one fourth of the students provided adequate explan-
ations on the two other items (see item nos. 3 and 5; Table 1).

Students’ Performance by Number Domain

The RAT included items that represent three number domains: whole
numbers, decimals, and fractions. Most items on the RAT focused on
decimals and fractions because these numbers are emphasized in the Kuwaiti
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middle school mathematics curriculum. Table 2 shows the mean percent of
correct responses and the standard deviation for each number domain. An
analysis of variance (ANOVA) showed no statistically significant differ-
ences (p>0.05) among the mean percent of correct responses on the RAT by
the three number domains. Eighth grade students’ performance in
recognizing reasonable answers was consistently low in the three number
domains as they showed consistent difficulty in recognizing reasonable
answers for problems involving whole numbers, fractions, and decimals.

The students were challenged even on items that focused on whole
numbers. For example, item no. 1 involved a computation involving
multiplying whole numbers (see Table 1). The answer provided in item
no. 1 (689%x33=22,737) was correct, but almost 70% of the students
judged it as unreasonable. Of the students determining the answer to be
reasonable, only seven (about 3% of the total sample) students provided
an acceptable explanation for their judgment. These students rounded
both numbers and then multiplied. For example, one wrote “700x30 is
21,000” and concluded “then the answer seems right.”

Slightly more than half of the students who considered 22,737 an
unreasonable answer provided an explanation for their answer. Their
explanations reflected a misunderstanding of the magnitude of the answer.
For example, many thought an answer of 22,737 was too large for the
problem. They provided explanations that were supported by their
personal intuition rather than thinking based on mathematical principles.
For example, they made statements such as “the answer is thousands,” “it
should be smaller,” or “this is a very large answer” to justify their
conclusions. These students provided no evidence of estimation skills or
any other processes to defend their decision.

These eighth grade students’ were also challenged in recognizing
reasonable answers for problems dealing with fractions and decimal

TABLE 2

Mean percent of correct responses and standard deviation for each number domain

Number Mean percent of Standard
Number domain of items correct response deviation
Whole number 4 27 0.09
Fraction 10 30 0.17
Decimal 11 32 0.13

Mean percent of correct response is the proportion of mean scores to the possible scores on the items
on each number domain
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numbers. Item no. 6 (see Table 1) focused on dividing rational numbers
and had more than one reasonable answer. In order to get a reasonable
answer, students needed to recognize a basic idea of division: to get a
small result, you need a large divisor. There were two acceptable answers
to this problem because, in order to get a result smaller than eight,
students could divide by any number larger than two.

About 40% of the students chose one of the reasonable answers. Out of
these 89 students, only nine of them provided a clear and acceptable
explanation for their answers. One student, who chose 3 3/4, said “16+
3<8.” His explanation was based on rounding 6.48 and 3 3/4 to whole
numbers.

Students’ explanations for selecting unreasonable answers revealed
several major misunderstandings. For example, one student argued that 3/
5 was a reasonable answer because “3/5<8.” Another wrote, “3/5 is the
smallest number; it will give an answer less than 8.” Other students based
their choice on the similarity of the form of the numbers. They chose 1.54
as a reasonable answer because it has two decimal digits, the same as
16.48.

Students’ Performance by the Two Criteria for Judging
the Reasonableness of Answers

The RAT included items that could be judged using the first criterion
(number relationships and the effect of operation) or the second criterion
(practicality of the answer), or both criteria. Table 3 displays the mean
percent of correct scores on items related to the two criteria used to judge
the answer. An ANOVA revealed no statistically significant difference
(»>0.05) in item difficulty among items based on the different criteria.

TABLE 3

Mean percent of correct responses for the three types of problems that used two criteria
for judging answers for reasonableness

Number of Mean percent of

Criteria items correct response
Items judged by number relationships and 18 28

the effect of operations

Items judged by practicality of the answer 3 30

Items judged by number relationships and the 4 43

effect of operations and practicality of the answer
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Eighth grade students were equally challenged in examining answers
for reasonableness using number relationships and the effect of operation
as well as the practicality of the answer. The majority of students
appeared to be unaware of the connection between mathematics in the
classroom and real life. In items judged using the practicality of the
answer, they did not realize the suitableness of some answers in a real-
world context. For example, in item no. 2 (see Table 1), less than one half
of the students considered 39.4 an unreasonable answer for the number of
buses, and only 4% provided an adequate explanation for their thinking.
The correct explanations students provided were based on recognizing
that decimal numbers cannot represent the number of buses. For example,
one reasoned, “there are no 0.4 bus,” while another noted “a bus cannot
carry decimal numbers.” Thirty-five of the students who considered 39.4
an unreasonable answer provided unacceptable explanations for their
choice; 60 students provided no explanation at all. Twenty students wrote
statements that did not describe their thinking about the answer, such as
“it is wrong,” or “it is not reasonable.”

Slightly more than half of the students considered 39.4 buses a
reasonable answer (53.4%). Forty percent of these students provided an
explanation for their judgment. None of these explanations described how
the students arrived at their decision. They either stressed that 39.4 is a
reasonable answer by saying “it is right” or “it is enough” or provided
facts such as “each bus carries 31 workers” or “the number of workers
is more than the number of buses.” Four students provided a decimal
answer for the problem: 31.2, 49.5, 166.4, and 378.5. These answers
revealed the students’ lack of understanding of the appropriate use of
decimal numbers to represent the numbers of objects in a real-world
setting.

Results of the Interview

The RAI was designed to reveal strategies students used to determine the
reasonableness of answers. The RAI interview guide included 13 items
from the RAT. The interview transcripts were coded according to the
strategies that students used to judge the reasonableness of the answers.
Strategies used by eighth grade students were classified into categories:
effective strategies and ineffective strategies (see Table 4). A strategy was
considered effective if it reflected a student use of one of the two criteria
for judging the reasonableness of an answer: number relationships and the
effect of operations and the practicality of the data such as estimation and
numerical benchmark. A strategy was considered ineffective if it reflected
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a procedural rule-based method for determining the reasonableness of the
answer or employed incorrect mathematics concepts.

Effective Strategies. Slightly more than one third of the students’ strate-
gies in recognizing reasonable answers were effective. One fourth of the
strategies were based on their understanding of number relationships and
the effect of operations. The most common strategy was estimation, for
example, on item no. 2 (see Table 5). Thirteen students rounded 1.950
KD to 2 KD and then 12 of them used multiplication. For example, one
student said, “let’s say 1.90 is 2, so 21 jars, each costing 2, will be 42.”

Estimation was also used as a second strategy on item no. 3 (see
Table 5). After the students placed the decimal in the wrong spot to get
29.1357 as an answer for the problem, the researcher asked the students to
reflect on the answer they got (534.6x0.545=29.1357). Only one student
reflected on his understanding of the numbers and operation involved in
the problem and used estimation to judge the answer.

Researcher: Look at the answer now: 29.1357. Is it a reasonable answer?

Student: It is not reasonable.

Researcher: Why?

Student: Because this number is almost 500 and the other number almost 0.5. If we
multiply them we get 250.

Researcher: Where would you put the decimal point?

Student: After 3 digits, 291.357.

Students also used a numerical benchmark as a strategy to judge
answers for reasonableness. In this strategy, students used their
understanding of the size of a number as an anchor to judge an answer
for reasonableness. For example, on item no. 2 (see Table 5), four
students identified the maximum value for an individual jar of juice. They
divided the money they had by the number of jars they wanted. One said,
“42+21=2, so they can buy anything that costs less than 2 KD.” The
same method was used by five students on the second part of item no. 4,
(Table 5); one of them said “16+2=8, but when you divide by 2.5 the
answer will be less than 8.”

Another approach used by eighth grade students depended on
utilizing meanings of operations. Students reflected on their understand-
ing of what the operations mean to determine whether the answer is
reasonable or not. For instance, on the first part of item no. 4, statement
a (see Table 5), a student clarified choosing 0.05 as a reasonable answer
“The answer is 0.05, because, if we look for how many 0.05 in 3 8/9, it
will be more than 4.”
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Eleven percent of the strategies were based on their understanding of
the practicality of the data. They judged the size of the answer by what
they knew about data in the real world, namely, using benchmarks.
Students used this strategy on three items that can be judged using
practicality of the data. For example, on item no. 1 (see Table 5), students
realized that 262 KD is more than the budget, so they used the budget as a
benchmark to explain that the answer should be less than 210.

Ineffective Strategies. Table 4 reports that almost 65% of the total number
of strategies was ineffective and almost 40% of these eighth grade students’
strategies was procedurally driven. This finding is not surprising in an
educational system that focuses on mathematics procedures. Eleven percent
of the students’ responses claim that they needed to work the paper-and-
pencil calculation as the only way to judge the reasonableness of the
answer. For example, one student said: “I need to work the problem to see
whether this answer is reasonable or not.” On item no. 4, statement a (see
Table 5), a student said, “I need to try all these numbers. I need to solve
them all, then see which one will be more than 4.” Students seemed to trust
the paper-and-pencil calculations for finding the exact answer as the only
way to determine a reasonable answer.

It is also worth noting that nearly 12% of the procedures suggested by
the students were inappropriate. Students’ responses revealed that some of
these eighth grade students were unaware of the effect of an operation or
had no idea when a mathematical procedure was appropriate. For
instance, on the first part of item no. 4 (see Table 5), students described
two different and wrong mathematical procedures. One described
dividing fractions (3 §+3 3) by using a part-by-part procedure. He
said, “3+3=1, 8+4=2, 9+3=3. Answer 1 3/2 is bigger than 4.” This
student did not realize that the answer he got was actually less than 4.
Similarly, on item no. 4, statement b (see Table 5), students suggested
dividing decimals with a part-by-part procedure.

Another type of inappropriate procedure was converting a division to
an addition problem. Two students on item no. 4, statement a (see
Table 5) described a process in which they changed the division to
addition and then added both numerators and denominators. One said, “1
1/5 is the answer, because when we change the operation into addition,
we get 4 9/14>4."

Another ineffective strategy focused on the form of the number.
Students judged or chose the reasonable answer based on how the
numbers were presented in the problem, such as both are decimals or
fractions. On item no. 4, statement b (see Table 5), a student chose the
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answer 1.54 to be an answer that makes 16.48+ <8 true because “I
chose 1.54 so the decimal will be the same, then when we divide, the
answer will be less.” Some students chose specific forms for the answer
that they thought was helpful in working the problem, such as a similar
denominator or numerator. For example, on item no. 4, statement a (see
Table 5), students chose 0.9 to be a reasonable answer. One student said
“0. 9=9/10 so we can make cancelation when we divide.” Another reason
provided by two students was that “we need to have two numbers of the
same denominator.”

Students also relied heavily on rules, such as counting rules, to examine the
reasonableness of an answer. For example, on item no. 3 (see Table 5), all
students tended to count the number of digits to place the decimal on the
answer. Only one student provided an explanation for placing the decimal,
after a follow-up prompt from the interviewer. She reasoned, “Here in 0.545,
the decimal digit is thousands and in 534.6 is ten, so 1,000 x 10=10,000 so the
decimal point is after four digits.” The student here used 10x1,000=10,000
as a short way for 1/10x1/1,000=1/10,000. This explanation clarifies the
counting rule, but fails to consider the reasonable magnitude of the result of
multiplying these two decimal numbers. The students’ strategies in
approaching this item are consistent with the findings of Hiebert & Wearne
(1986).

Slightly more than a quarter of the students either based their responses
on guessing or admitted that they did not know how to approach the
problem (see Table 4). In guessing, students did not provide enough
information that could help to classify their thinking. Table 4 shows about
15% of the student admitted they did not know how to examine answers
for reasonableness.

CONCLUSIONS

This research has documented the level of Kuwaiti eighth grade students’
performance in recognizing reasonable answers and the strategies they
used to determine reasonableness. The results from over 200 eighth grade
students showed that they were generally unable to recognize reasonable
answers. They were even challenged in recognizing reasonable answers
with problems that dealt with whole numbers, a computational topic that
Kuwaiti students have been developing for 8 years.

These eighth grade students faced challenges in using the two criteria
in judging the reasonableness of answers. Although evidence of using
these criteria was found, it was not necessarily used often nor was the
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evidence used by a majority of the eighth graders. In fact, students’
performance was consistently low on items that focused on number
relationships and the effect of operations and on items that focused on the
practicality of the answer. The challenges students faced in judging the
reasonableness of answers using the practicality of data provides evidence
that many students do not make connections between mathematics
problems and real-world data. While an effort was made to provide
familiar real-world contexts for these students, it is recognized that
students’ daily experiences vary greatly. The lack of alignment between
real-world and the questions used in this research would impact their use
of one of the criterion, namely, “practicality of the answer” and the extent
to which this happened is a limitation of this research. Nevertheless, these
findings support Hiebert’s (1984) argument that students are unaware of
the consistency between the results of mathematics problems and how
things work outside their classrooms. The results are also consistent with
Greeno (1991) who argued that students who do not see the conflict
between their answers and data in the outside world usually focus on the
arithmetic operation “without a sense of what the numbers were meant to
be about” (p. 173). Kilpatrick et al., (2001) reported that this
misconnection is due to classroom practices in which the focus is on
applying algorithms without reflecting on the meaning of the answer.
While some students used effective strategies to determine the
reasonableness of answers, these students were the exception rather than
the rule as a majority of the students relied exclusively on algorithms that
tended to be applied in a rote fashion. When effective strategies were
used, they reflected students’ understanding of the relationships of
numbers, the effect of operations, and the practicality of the answer,
such as estimation, numerical benchmarks, and real-world benchmarks.
The most commonly used effective strategy for judging the reasonable-
ness of an answer was estimation. On the RAI, 14% of students’
strategies involved estimation. The estimation strategies they used varied,
as did their ability to effectively use a particular strategy. Although little
attention is given to estimation in the Kuwaiti national mathematics
curriculum, this research confirms that estimation is a skill that a few
students develop on their own. This finding is in line with previous
research findings on students’ use of estimation (Reys et al., 1980;
Rubenstein, 1985). It also provides support for the argument that
estimation should be taught as a means of improving students’ ability to
recognize reasonable answers (Hiebert, 1984; Onslow et al., 2005; Reys,
1985; Trafton, 1994). Bonotto (2005) found that introducing estimation in
the fourth grade “allowed students to discuss their own work whenever
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the procedure used gave results that were incompatible with the
predictions previously made. This method fostered a connection between
solutions and their reasonableness” (p. 338).

Forty percent of all the strategies used to examine answers were
procedurally driven; the most common response was carrying out exact
calculations. This result confirms Byers & Erlwanger’s (1984) findings
that students use procedural rules to try to verify their solutions because
they believed these rules must be applied to get the problem right. It also
aligns with Yang’s (2005) finding that Taiwan students tend to use paper-
and-pencil procedure to explain and verify their thinking. Additionally,
Kuwaiti students confused the procedural rules they learned at school,
such as applying a rule for addition and subtraction to a multiplication
problem. These students did not have a clear understanding of the effect
of these operations nor when to apply certain rules. Resnick (1987) called
these mixed procedures “buggy” algorithms. She blamed students’ use of
“buggy” algorithms on the school learning environment where students
use mathematics symbols without fully understanding the meaning of the
symbols. Galen & Gravemeijer (2003) argued that misapplying rules is
related to learning these arithmetic rules as isolated facts and procedures.

Students were challenged in explaining their mathematics thinking. Their
responses in the RAT and RAI revealed that students face difficulty in
articulating their mathematical reasoning. On the RAT, most students wrote
simple statements such as “the answer is reasonable.” During the RAI,
some students provided fragments of their thinking. Mathematics teachers
in Kuwait explained that students do not often have opportunities to reflect
on their mathematical thinking. Teachers rarely ask students for written
explanations of their thinking. Teachers acknowledged that students cannot
express themselves very well. Additionally, they have difficulty with
language. Consequently, most of the explanations that students provided
were in an oral form and focused on explaining standard procedures. In
general, they reflected low-level thinking (Alajmi & Reys, 2007).

Students’ explanations of their reasoning on the RAT and in the RAI
indicated that they were unaware of the magnitude and relationships of
numbers and the effect of the basic operations. This lack of understanding
presented obstacles for them to recognize or determine reasonable
answers. This finding provides further evidence that focusing on standard
computational algorithms does not necessarily help students develop an
understanding of numbers and operations, and that is consistent with
earlier research in this area (Reys & Yang, 1998; Yang & Huang, 2004).

If improvement in students’ interpretation and recognition of reason-
able answers is to occur in Kuwait, then major changes need to be made
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in mathematics programs. This means that the mathematics curriculum
must be adjusted to provide opportunities for students to experience
situations that encourage students to reflect on results and assess the
reasonableness of answers. It means that instruction must also change.
Teachers must help students value the importance of determining
reasonable answers and foster effective strategies to decide if answers
are reasonable. Additionally, teachers must dispel the notion popular
among Kuwaiti eighth graders that finding the exact answer was the only
way to find a reasonable answer. There is a need to shift the emphasize in
the Kuwaiti mathematics programs to focus more on developing students
understanding of the numbers and operation and their relationship and
providing students with the opportunity to think of alternative methods to
determine reasonable answers.

This research addressed the notion of reasonableness and provided, for
the first time, a detailed profile of Kuwaiti student performance.
Hopefully, this study will be informative to the international community
of mathematics education and also help stimulate some changes in future
mathematics curriculum and teaching in Kuwaiti schools.
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